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SUMMARY 
Correlation analysis is an essential statistical tool for measuring the strength and direction of 

relationships between variables. Different types of correlations are suitable for different data structures, variable 

types, and research objectives. Understanding these methods helps to select the most appropriate technique for 

accurate data analysis and interpretation. 

 

INTRODUCTION 

Correlation measures the degree of association between two or more variables and plays a fundamental 

role in statistical analysis and scientific research. Since variables can be continuous, categorical, ranked, or time-

dependent, a single correlation measure cannot be applied in every situation. Therefore, several correlation 

coefficients have been developed to address different types of data and relationships. This document provides an 

overview of these correlation methods, their mathematical concepts, and the situations in which they should be 

used.  

 

Different Types of Correlation 

1. Pearson’s correlation coefficient 

It measures degree of linear association ship between two variables. It’s range in between -1 to +1. Here, 

-1 indicates perfect negative correlation and +1 indicates perfect positive correlation. Pearson’s correlation 

coefficient (𝑟𝑥𝑦) between two variable x and y is defined by, 

𝑟𝑥𝑦 = 𝑟𝑦𝑥 =  
𝐶𝑜𝑣(𝑥 ,𝑦)

√𝑉𝑥𝑉𝑦
  ; 

where, 𝐶𝑜𝑣(𝑥, 𝑦) =  
1

𝑛
∑ (𝑥𝑖 − 𝑥 ̅)(𝑦𝑖 − 𝑦̅ )𝑛

𝑖=1  ; 𝑉𝑥 =
1

𝑛
∑ (𝑥𝑖 − 𝑥̅ )2𝑛

𝑖=1  ; 𝑉𝑦 =
1

𝑛
∑ (𝑦𝑖 − 𝑦 ̅)2𝑛

𝑖=1  

 

2. Multiple correlation coefficient 

In presence of more than two variables, one may be interested to study the association ship of one variable 

with all of the other variables. Multiple correlation coefficient defined as the Pearson’s correlation 

coefficient between the predicted and the dependent variable in a linear regression model. It also measures linear 

association ship of one variable with all of the others (not the curvilinear relationship). It ranges from 0 to +1. 

Let, x, y and z are the three variables. The multiple correlation coefficient (𝑅𝑥.𝑦𝑧) of x with both of y and z is 

defined by, 

𝑅𝑥.𝑦𝑧 =  √
𝑟𝑥𝑦

2 + 𝑟𝑦𝑧
2 − 2𝑟𝑥𝑦𝑟𝑦𝑧𝑟𝑧𝑥

(1 − 𝑟𝑦𝑧
2 )

 ; 

Where, 𝑟𝑥𝑦, 𝑟𝑦𝑧 𝑎𝑛𝑑 𝑟𝑧𝑥 are the Pearson’s correlation coefficient between x and y; y and z; x and z respectively. 

 

3. Partial correlation coefficient 

If more than two variables are present, then Pearson’s or simple correlation coefficient is not free from 

the influence of the other variable. Thus it is necessary to remove the effects of other variable to obtain the actual 

association ship between two variables. Partial correlation coefficient is defined as a measure of association ship 

between any two variables out of the set of the variables after eliminating the common association ship of 

remaining variable from both of them. It ranges from -1 to +1. Let, x, y and z are the three variables. The partial 

correlation coefficient (𝑟𝑥𝑦.𝑧 ) between x and y after eliminating the association ship of z from both x and y is 

defined by, 

𝑟𝑥𝑦.𝑧 =  
𝑟𝑥𝑦−𝑟𝑥𝑧𝑟𝑦𝑧

√(1−𝑟𝑥𝑧
2 )(1−𝑟𝑦𝑧

2 )
 ; 

where, all the notations are same as multiple correlation coefficient. 
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4. Part correlation coefficient 

In partial correlation coefficient, association ship between any two variables is measured by eliminating 

the effects of remaining variable from both of them. But eliminating variable may not effect on both of the 

measuring variables. In this case we have to eliminate its effect on single variable, not both of them. From this 

situation, idea of part correlation is raised. It ranges from -1 to +1. Suppose, x, y and z are the three variables. 

Here, variable z influencing only variable y but not x. Now, we have to eliminate the effect of z only on y. The 

part correlation coefficient (𝑟𝑥(𝑦.𝑧)) between x and y where z is controlled for in only y is defined by, 

𝑟𝑥(𝑦.𝑧) =  
𝑟𝑥𝑦 − 𝑟𝑥𝑧𝑟𝑦𝑧

√(1 − 𝑟𝑦𝑧
2 )

 

where, all the notations are same as multiple correlation coefficient. 

 

5. Intra-class correlation coefficient 

Intra-class means within the class. If one interested to study the correlation between height or weight of 

brothers of a family, yields of plots of an experiment, etc., in such cases intra-class correlation is used. Let, there 

haven n number of families namely 𝐴1, 𝐴2, … , 𝐴𝑛 and each having k number of members in each of the family. 

Here, 𝑥𝑖𝑗 indicates jth member of ith family. In such situation intra-class correlation ranges from −
1

𝑘−1
 to +1. At 

that situation intra-class correlation coefficient (𝑟𝑐) given by, 

𝑟𝑐 =  
𝑘2 ∑ (𝑥̅𝑖 − 𝑥̅ )2𝑛

𝑖=1 − ∑ ∑ (𝑥𝑖𝑗 − 𝑥̅ )2𝑘
𝑗=1

𝑛
𝑖=1

(𝑘 − 1) ∑ ∑ (𝑥𝑖𝑗 − 𝑥̅ )2𝑘
𝑗=1

𝑛
𝑖=1

 

 

6. Serial correlation 

Serial correlation is calculated in case of time series data. When one interested to calculate the correlation 

of a variable x and a lagged version of same variable x over periods of time i.e. variable 𝑥𝑡 at time t and variable 

𝑥𝑡−1 at time t-1, serial correlation is used at that situation. In finance, it is used to determine how well the past 

price predicts the future price. It vary from -1 to +1 and given by, 

𝑟(𝑥𝑡, 𝑥𝑡−1) =  
𝐶𝑜𝑣(𝑥𝑡 ,𝑥𝑡−1)

√𝑉𝑥𝑡𝑉𝑥𝑡−1

  ; 

where, 𝐶𝑜𝑣(𝑥𝑡, 𝑥𝑡−1) =  
1

𝑛
∑ (𝑥𝑡,𝑖 − 𝑥̅𝑡)(𝑥𝑡−1,𝑖 − 𝑥̅𝑡−1)𝑛

𝑖=1  ; 𝑉𝑥𝑡
=

1

𝑛
∑ (𝑥𝑡,𝑖 − 𝑥̅𝑡)2𝑛

𝑖=1  ; 𝑉𝑥𝑡−1
=

1

𝑛
∑ (𝑥𝑡−1,𝑖 −𝑛

𝑖=1

𝑥̅𝑡−1)2 

 

7. Biserial correlation coefficient 

In Pearson’s correlation coefficient two variables are continuous. If one variable x is dichotomous (i.e.  

yes or no; 1 or 0; etc.) and other variable y is continuous then Pearson’s correlation coefficient cannot be 

calculated. But biserial correlation coefficient can be calculated. It assumed that continuous variable y follows 

normal distribution. It ranges from -1 to +1. Biserial correlation coefficient (𝑟𝑏) is defined by, 

𝑟𝑏 =  
𝑝𝑞 (𝑌̅1 −  𝑌̅0)

𝑍 √𝑉𝑦

 

where, 𝑌̅1 is the mean of y having x = 1, 𝑌̅0 is the mean of y having x = 0, q is the proportion of data point in y 

having x = 0, p is the proportion of data point in y having x = 1, 𝑉𝑦 is the variance of y for whole data, Z is the 

ordinate of the standard normal curve cutting off  area in proportion to q and p. 

 

8. Point biserial correlation coefficient 

It is also calculated for one variable x is dichotomous (i.e. yes or no; 1 or 0; etc.) and other variable y is 

continuous. If continuous variable y does not follow normal distribution, biserial correlation cannot be worked 

out. But point biserial correlation does not assumed normal distribution of the variable y. It ranges from -1 to +1. 

Point biserial correlation (𝑟𝑝𝑏) is defined by, 

𝑟𝑝𝑏 =  
√𝑝𝑞 (𝑌̅1 −  𝑌̅0)

 √𝑉𝑦

 

where, all the notations are same as biserial correlation coefficient. 
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9. Tetrachoric Correlation 

When variable x and y both are binary variable (i.e. yes or no; 1 or 0, etc.) and both of the variables are 

followed normal distribution, then tetrachoric correlation is used to measure the association ship between them. 

It ranges from -1 to +1. Consider the 2 x2 contingency table in table-1. Let, a, b, c and d are the frequency of the 

cells. Teteachoric correlation coefficient (𝑟𝑡𝑒𝑡) is given by, 

𝑟𝑡𝑒𝑡 = cos (
180

1 +  √𝑏𝑐/𝑎𝑑
) 

Table-1: 2 X 2 contingency table 

y x 

1 0 

1 a b 

0 c d 

 

 

10. Spearman’s rank correlation coefficient 

Suppose two judge ranks n people. Rank given by first and second judge is denoted by the variable x and 

y (i.e. paired observations). The association ship between the ranks given on n individuals by two judge is 

measured by Spearman’s rank correlation coefficient. It ranges from -1 to +1. If no ranks are tied, Spearman’s 

rank correlation coefficient (𝑟𝑠) is given by, 

𝑟𝑠 = 1 −  
6 ∑ 𝑑𝑖

2𝑛
𝑖=1

𝑛(𝑛2 − 1)
 

where, 𝑑𝑖 =  𝑥𝑖 − 𝑦𝑖 ;  n is the number of observations. 

 

11. Kendall’s rank correlation coefficient 

For paired rank observation Kendall’s rank correlation coefficient is used, which is analogous to 

Spearman’s rank correlation coefficient. It’s advantages are it is an unbiased estimator of population correlation 

coefficient and it can be generalized to partial correlation coefficient which cannot be possible in care of 

Spearman’s rank correlation coefficient. For calculating this at first arrange first set of observations x into 

ascending order and rearrange the second set of ranks y corresponding to x’s. Now x’s are in natural order. If one 

rank of y is smaller than succeeding rank then give +1, otherwise give -1. The Kendall’s rank correlation 

coefficient (𝜏) is given by, 

𝜏 =  
2𝑆

𝑛(𝑛 − 1)
 

where, S is the sum of all +1 and -1 of y ; n is the number of observations. It ranges from -1 to 1. 

 

12. Correlation Ratio 

Pearson’s correlation coefficient measures degree of linear association ship. But variables may not be 

linearly related, may be curvilinear relationship exist among them. Correlation ratio measures degree of 

curvilinear association ship between two variables. It ranges from 0 to +1. Suppose corresponding to the value 𝑥𝑖 

(i= 1,2,…,m) of a variable x, the variable y takes the values 𝑦𝑖𝑗 with respective frequencies 𝑓𝑖𝑗 (j= 1,2,…,n). The 

correlation ratio 𝜂𝑦𝑥
2  of y on x is given by, 

𝜂𝑦𝑥
2 = 1 −  

𝜎𝑒𝑦
2

𝜎𝑦
2   ; 

where, 𝜎𝑒𝑦
2 =  

1

𝑁
∑ ∑ 𝑓𝑖𝑗(𝑦𝑖𝑗 − 𝑦̅𝑖)

2𝑛
𝑗=1

𝑚
𝑖=1  ; 𝜎𝑦

2 =  
1

𝑁
∑ ∑ 𝑓𝑖𝑗(𝑦𝑖𝑗 − 𝑦̅ )2𝑛

𝑗=1
𝑚
𝑖=1  ; 𝑦̅𝑖 =  

∑ 𝑓𝑖𝑗𝑦𝑖𝑗
𝑛
𝑗=1

∑ 𝑓𝑖𝑗
𝑛
𝑗=1

 ; 𝑦̅ =

 
∑ ∑ 𝑓𝑖𝑗𝑦𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑓𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

 ; 𝑁 =  ∑ ∑ 𝑓𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1  

 

CONCLUSION  

Selecting the appropriate correlation coefficient is crucial for obtaining valid and meaningful statistical 

results. Each correlation method has specific assumptions and is designed for particular types of variables and 

relationships, whether linear, non-linear, ranked or binary. A clear understanding of these techniques enables to 

analyse data more effectively and avoid incorrect interpretations. 
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